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Characterizing the epoch of reionization (EoR) at z & 6 via the redshifted 21 cm line of neutral
Hydrogen (H i) is critical to modern astrophysics and cosmology, and thus a key science goal of many
current and planned low-frequency radio telescopes. The primary challenge to detecting this signal is
the overwhelmingly bright foreground emission at these frequencies, placing stringent requirements
on the knowledge of the instruments and inaccuracies in analyses. Results from these experiments
have largely been limited not by thermal sensitivity but by systematics, particularly caused by the
inability to calibrate the instrument to high accuracy. The interferometric bispectrum phase is
immune to antenna-based calibration and errors therein, and presents an independent alternative
to detect the EoR H i fluctuations while largely avoiding calibration systematics. Here, we provide
a demonstration of this technique on a subset of data from the Hydrogen Epoch of Reionization
Array (HERA) to place approximate constraints on the IGM brightness temperature. From this
limited data, at z = 7.7 we infer “1σ” upper limits on the IGM brightness temperature to be
≤ 316 “pseudo” mK at κ‖ = 0.33 “pseudo”h Mpc−1 (data-limited) and ≤ 1000 “pseudo” mK at
κ‖ = 0.875 “pseudo”h Mpc
−1 (noise-limited). The “pseudo” units denote only an approximate
and not an exact correspondence to the actual distance scales and brightness temperatures. By
propagating models in parallel to the data analysis, we confirm that the dynamic range required
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2to separate the cosmic H i signal from the foregrounds is similar to that in standard approaches,
and the power spectrum of the bispectrum phase is still data-limited (at & 106 dynamic range)
indicating scope for further improvement in sensitivity as the array build-out continues.
Keywords: Cosmology; Evolution of the Universe; Formation & evolution of stars & galaxies; Interferom-
etry; Intergalactic medium; Large scale structure of the Universe; Perturbative methods; Radio frequency
techniques; Radio, microwave, & sub-mm astronomy, Statistical methods; Telescopes
I. INTRODUCTION
The epoch of reionization (EoR) is an important pe-
riod in the evolution of the Universe, which is charac-
terized by nonlinear growth of matter density perturba-
tions and astrophysical evolution. It marks the point at
which structure formation directly affected every baryon
in the intergalactic medium (IGM). Large areas of the
IGM were photo-ionized by the radiation produced in
galaxies and it eventually ended when the IGM had be-
come completely ionized (z ∼ 6). Thus, the Universe
transitioned from being fully neutral to being fully ion-
ized.
The 21 cm spin-flip transition of neutral hydrogen (H i)
during the EoR can provide insight into the formation,
growth and evolution of structure in the Universe, the
nature of the first stars and galaxies, and their impact
on the physics of the IGM [e.g. 1–4]. Using the red-
shifted 21 cm line of H i has the following advantages [5]:
(a) Being a cosmological spectral line, the redshift infor-
mation can be used to trace the full three-dimensional
ionization history, (b) Being the most abundant element
in the IGM, it directly probes the IGM which constitutes
a major fraction of baryonic matter, and (c) Being a for-
bidden transition, it does not saturate easily and is thus
sensitive to various stages of reionization. Therefore, it
is considered as one of the most promising and direct
probes of the EoR [see e.g. 5–12].
To study the IGM structures using redshifted 21 cm
line from H i during the EoR, numerous interferometer-
based experiments at low radio frequencies have and
will become operational. These include the Murchison
Widefield Array [MWA; 13–16], the Donald C. Backer
Precision Array for Probing the Epoch of Reionization
[PAPER; 17], the Low Frequency Array [LOFAR; 18],
the Giant Metrewave Radio Telescope EoR experiment
[GMRT; 19], the Hydrogen Epoch of Reionization Array
[HERA1; 20], and the Square Kilometre Array [SKA2;
21]. Many of these instruments, especially those belong-
ing to the current generation, have sensitivity sufficient
only for a statistical detection of the EoR signal by es-
timating the spatial power spectrum of the redshifted
H i spin temperature fluctuations [22, 23] and not for a
∗ Nithyanandan Thyagarajan is a Jansky Fellow of the National
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2 https://www.skatelescope.org/
three-dimensional tomographic imaging of the ionization
structures yet.
Almost all these low frequency experiments have to
contend with the challenge of achieving a daunting spec-
tral dynamic range, typically & 105 : 1, posed by the
extremely bright sources of radio emission from fore-
ground objects including the Galaxy and the extragalac-
tic radio sources which are many orders of magnitude
brighter than the cosmological H i signal. However, these
foregrounds typically have smooth spectra as they arise
predominantly from synchrotron and free-free emission
mechanisms that result in a smooth continuum. In con-
trast, the imprinted H i signatures may be faint but are
expected to exhibit sharp fluctuating signatures in their
spectrum. Therefore, distinguishing this spectral con-
trast forms the primary basis for separating the H i signal
from the foregrounds in most of the approaches that rely
either on tomography or power spectrum [19, 24–33].
Avoiding spectral leakage from these bright fore-
grounds is critical for the success of these experiments.
It not only requires that the instruments be designed
and characterized to a fractional accuracy better than
10−5 [see e.g. 20, 32, 34–37], but also requires analysis
methods, particularly involving calibration, to be equally
accurate or better [see e.g. 25, 33, 38, 39]. It is now
evident that the results from a majority of these experi-
ments and associated analyses are predominantly limited
by contamination from systematics, rather than by ther-
mal noise [see e.g. 19, 39–44]. Therefore, analyzing more
data is not helpful in improving sensitivity unless sub-
stantial improvements are made in the instrument and
in the analyses to mitigate these systematics. Numer-
ous sophisticated schemes are indeed being developed to
address the calibration challenge [see e.g. 45–48].
While a tentative claimed detection of deep absorp-
tion in the redshift window spanning the Dark Ages [49]
has raised interest in detecting H i 21cm emission from
these very early cosmic epochs, the challenges faced by
all classes of redshifted 21 cm experiments have firmly
established that any detection of cosmic H i requires in-
dependent and credible confirmation. Besides indepen-
dent instruments, we are witnessing the development of
a number of novel techniques that probe the EoR from
various angles [see e.g. 50–59]. A vast majority of these
techniques, however, are still dependent on high accu-
racy in instrument calibration, the errors in which are
currently the primary limitation to a successful EoR de-
tection.
In interferometry, the bispectrum phase (also known
as closure phase in radio interferometry) is immune to
errors in direction-independent, antenna-based calibra-
3tion as they are independent of the complex antenna
gains [60]. Therefore, it has found successful applica-
tions in many fields where interferometric calibration is
challenging, such as deciphering complex structures on
stellar surfaces and their surroundings [see e.g. 61, 62],
and more recently in the imaging of the shadow of the
super-massive black hole at the center of M87 [63–68].
This paper is one in a series of related papers, the
others being [69–72]. Recently, a new approach to statis-
tically detect the H i spin temperature fluctuations from
the EoR employing the concept of bispectrum phase was
presented [69], which promises to sidestep to a large ex-
tent the calibration challenge and detect EoR H i fluctua-
tions in the presence of strong foreground emission. The
utility of bispectrum phase in diagnosing radio interfer-
ometer arrays was illustrated in [70]. In a companion pa-
per [72, hereafter Paper I], the mathematical foundations
of bispectrum phase for detecting faint spectral line fluc-
tuations from cosmic structures is presented. In parallel
work [71], a subset of data (same as in this paper) from
the HERA observations and the parallel modeling effort
is presented. However, in order to be self-contained, all
the relevant information about the data and the model-
ing effort pertinent to this work is summarized in this
paper as well. This paper is the fifth in this series. Here,
we provide a first demonstration of the technique as well
as first results from data obtained using the HERA tele-
scope using the basis in [69–72].
This paper is organized as follows. In Section II, we
state the scope and context of our analysis and inter-
pretation. Section III describes the data used in this
analysis, Section IV elaborates the forward-modeling we
have employed to verify and interpret our results. In
Section V, we describe in detail the analysis steps and
present the results in Section VI. We summarize this
work and discuss the prospects of a larger analysis ef-
fort in Section VII.
II. BISPECTRUM PHASE IN THE CONTEXT
OF DETECTING H I FLUCTUATIONS
[69] have shown the potential for using the bispectrum
phase to detect the EoR signal using a power spectrum
methodology very similar to the delay spectrum approach
[27]. Numerous works [70, and references therein] have
reiterated the reasons the bispectrum phase is impervi-
ous to direction-independent antenna-based gains, and
therefore, also to the corresponding calibration and er-
rors therein [60]. They all reinforce the utility of the
approach to eliminate potentially a major source of sys-
tematic that is believed to be affecting current EoR power
spectrum limits.
In Paper I, the information contained in the bispec-
trum phase and its power spectrum, as well as its relation
to the standard power spectrum approach is investigated
in detail. Under the assumption that the cosmological
signal strength is small compared to the foreground con-
tributions that dominate the bispectrum phase, the fluc-
tuations in the bispectrum phase can be treated up to
linear-order terms and they have approximate correspon-
dence with the power spectrum of the cosmological sig-
nal. In low frequency EoR experiments, this assumption
and the approximation to linear-order terms are justified.
Nevertheless, the aim of this paper is not to identify or
interpret the results in strict cosmological terms. Such in-
terpretation will require extensive forward-modeling over
a wide range of parameter space. Ideally, the bispectrum
phase is a useful interferometric quantity very sensitive
to structures on the sky providing a robust avenue to dis-
cern the presence of EoR H i spin temperature fluctua-
tions against the foregrounds. And here, we only present
our analysis using the bispectrum phase as an indepen-
dent step towards detecting the EoR H i signal against
the null hypothesis that such a signal is absent.
For this work, we use cosmological parameters from
[73] with H0 = 100h km s
−1 Mpc−1.
III. DATA
We use a subset of the Phase I commissioning data
of the HERA project (denoted as H1C-IDR2.0) obtained
in 2018 with 61 dishes. The layout of this array can be
seen in Figure 2 in [70]. Of these, data from only 50 un-
flagged antennas were subsequently selected. The data
used here spans 22 minutes repeated over 18 nights on
each of the two fields, one centered on the transit of For-
nax A and the other starting at RA=01h36m, which will
be hereafter referred to as the Fornax and J0136-30 fields
respectively. The data consists of 1024 spectral channels
each 97656.25 Hz wide for a total bandwidth of 100 MHz
and a temporal resolution of 10.7 s. The preliminary data
analysis including calibration and imaging processes are
described in [71, 74], which are subsequently used to com-
pare the data and models to each other. The data and the
models are in good agreement with each other indicating
that the HERA instrument is performing reasonably as
per expectations and that our models capture most of the
important features seen in the data [71]. However, this
work treads a different path and essentially uses the raw
pre-calibration data and therefore, requires only mini-
mal pre-processing prior to this analysis. In this paper,
we restrict our analysis to equilateral antenna triads of
separation 29.2 m.
IV. MODELING
For a quantitative interpretation the bipsectrum phase
results, we have carried out detailed modeling to cre-
ate forward-models of two specific realizations of the
foregrounds (one for each field), and one realization
each of the noise and the fiducial EoR H i signal to
understand the characteristics seen in the data. We
have used the Precision Radio Interferometry Simulator
4[PRISim3; 75] to model the visibilities based on the ob-
serving and instrument configurations of the HERA tele-
scope. The simulations consist of the key components, in-
cluding noise, summarized further below in this section.
Sky modeling, in the context of our bispectrum phase
delay spectrum analysis, is required only for forward-
modeling, i.e., as a comparison to the measurements. The
bispectrum phase technique does not require direction-
independent antenna-based calibration, and hence the
required accuracy of the sky models is much reduced rel-
ative to more typical interferometric data processing.
A. The HERA Instrument
Located in the Karoo desert in South Africa at a lat-
itude of −30.◦72, HERA will consist of 350 close-packed
14 m dishes with a shortest antenna spacing of 14.6 m.
Its triple split-core hexagonal layout is optimized for both
redundant calibration and the delay spectrum technique
for detecting the cosmic EoR H i signal [76].
The data used in this paper were obtained with 61
HERA dishes in total with dipole feeds spanning 100–
200 MHz, of which only 50 unflagged antennas were used
here. The models, however, use all the 61 antennas. Al-
though the number of antennas used in the modeling is a
few higher than in the data, it will be justified later that
it makes no significant difference to the comparisons or
the conclusions drawn in this paper. The actual mea-
sured positions of antennas in this layout at the HERA
site, including deviations from redundancy, were used in
the modeling. Therefore, this accounts for a portion of
the non-redundancy that may be present in the measure-
ments.
We used the antenna power pattern models produced
by [37] and interpolated them to the frequencies spanning
the observing band, which thus far have provided a rea-
sonably accurate characterization of the HERA antenna
directivity pattern available for dish-dipole feed combi-
nation based on measurements discussed in [77]. The
power patterns of all antennas are assumed to be iden-
tical. Further, we have assumed that all antennas have
an effective area of Ae ' 100 m2 in the spectral window
analyzed in this paper.
B. Foregrounds
For both fields, we have used the GaLactic and Ex-
tragalactic All-sky MWA Survey catalog [GLEAM; 78]
of point sources that fall within a 15◦ radius of the tele-
scope pointing as the sky drifts during the course of the
observations. Since the GLEAM catalog does not include
3 PRISim is publicly available for use under the MIT license at
https://github.com/nithyanandan/PRISim
strong point sources, for the Fornax field, we used a sep-
arate model for the Fornax A radio source created using
clean components derived from the deconvolution tech-
niques described in [79] (personal communication: Car-
roll, Byrne 2018). Here, we have assumed that all the
components of Fornax A have a spectral index ≈ −0.78
[80].
To include diffuse emission, the Galactic emission
model [81] was investigated which qualitatively repro-
duced broad spectral features (∼ 10 MHz scales) ob-
served in the data [71]. However, we do not include this
in the foreground model in this paper because these fea-
tures are quite broad that they contribute power only on
the few lowest-valued k‖-modes which are dominated by
foregrounds and are not considered viable for EoR detec-
tion in this foreground avoidance approach, and neither
the Galactic emission model nor the antenna power pat-
tern model is sufficiently precise to explain these broad
oscillating spectral features in the data with high numer-
ical accuracy [71].
C. EoR H i model
We used a realization of a faint galaxies EoR model
[82, 83] publicly available4 from 21cmFAST simulations
[84] as our fiducial EoR H i model. This model entails
reionization by star forming galaxies down to low mass,
normalized to match current constraints on the reioniza-
tion history, and the cosmic star formation history. The
lightcone cube produced by 21cmFAST spanned 1.6 Gpc
(' 10◦) in the transverse plane of the sky and redshifts
extended over the 100–200 MHz passband of the instru-
ment. This cube was smoothed and down-sampled in the
transverse direction to an effective angular resolution of
' 14′ and tiled three times on each side to produce a
total angular extent of ' 30◦ along each side in the
transverse plane. The visibilities and images produced
from this fiducial EoR model are presented below as well
as in [71] in more detail.
D. Noise
We have used the findings in [85, 86] to guide our noise
model, of the form:
Tsys(f) = Trx + Tant(f0)
(
f
f0
)α
, (1)
where, Tsys is the system temperature, Trx is the re-
ceiver temperature (assumed to be independent of fre-
quency), f0 is a reference frequency, and Tant is the an-
tenna temperature with a spectral index α. We have
4 http://homepage.sns.it/mesinger/EOS.html
5used Trx = 162 K, f0 = 150 MHz, Tant(f0) = 200 K, and
α = −2.55. The noise (in units of flux density) is drawn
from a Gaussian distribution with standard deviation,
σT = 2kBTsys/(Ae
√
∆f∆t), where, ∆f = 97656.25 Hz
and ∆t = 10.7 s, and is added to the simulated visibili-
ties. By comparing to data, we will show later that this
model reproduces the noise level observed in the mea-
surements used in this work reasonably well.
We note the noise characteristics and the beam mod-
eling (shape and efficiency), as a function of frequency,
are currently under investigation for HERA, with cur-
rent estimates, for example, of Tsys spectrum differing by
up to 50%, using different techniques [see e.g. 85, 87].
Moreover, the HERA feeds and electronics systems are
currently being changed. Hence, modeling of the system
response presented here is representative, but not final.
E. Summary of Modeling
Figure 1 shows the modeled visibilities from the fore-
ground radio sources in the J0136-30 field on the 29.2 m
antenna spacing in three different orientations (0◦, 60◦,
and −60◦), and the change in the net amplitude caused
by the fiducial model of EoR H i fluctuations on these
antenna spacings. The amplitude fluctuations are noted
to be a factor . 10−4 relative to the net visibility for the
J0136-30 field. Also, shown is the spectrum of thermal
noise standard deviation corresponding to the modeled
Tsys(f) in units of flux density. We consider a spectral
window, W (f) that is a modified Blackman-Harris win-
dow function [32] centered at 163 MHz (z ' 7.7). W (f)
is defined over the entire bandpass but is shaped to have
a net effective bandwidth, ∆B = 10 MHz.
Figure 2 shows the modeled bispectrum phase angle
spectrum in the J0136-30 field expected from the fore-
grounds and the fluctuations therein due to the EoR
H i fluctuations obtained using the fiducial 21cmFAST
EoR model. The phase angle fluctuations are typically
. 10−4 radians, agreeing with the ratio expected between
the strength of the EoR fluctuations and the foregrounds.
It is these spectral fluctuations in bispectrum phase angle
that we aim to detect using this new approach.
F. A Reference Delay Power Spectrum Model
As a convenient reference for comparison, using the
same parameters that we adopted for the main analy-
sis using bispectrum phase, we produce different compo-
nents of a standard delay power spectrum for the simple
case of foreground avoidance on the J0136-30 field using
the models described above.
Figure 3 shows the standard delay power spectrum of
the foreground sky, the EoR H i fluctuations, and thermal
noise in the J0136-30 field on a 29.2 m antenna spacing
in a sub-band corresponding to z = 7.7. The reference
input H i power spectrum from 21cmFAST (solid gray)
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FIG. 1. The model of foreground visibility (top) correspond-
ing to the J0136-30 field and the changes to the net amplitude
(bottom) caused by the EoR H i fluctuations (using a fiducial
21cmFAST EoR model) on a 29.2 m antenna spacing in three
different orientations: 0◦(black), 60◦(red), and −60◦(cyan).
The fluctuations in the visibility amplitude caused by the EoR
H i signal are noted to be a factor . 10−4 relative to the fore-
grounds. The dashed line shows the spectrum of thermal noise
rms corresponding to Tsys in units of flux density with tem-
poral and spectral averaging over 10.7 s and 97.65625 kHz
respectively. The gray shaded region shows the 163 MHz
(z ' 7.7) sub-band of effective bandwidth ∆B = 10 MHz
considered in this work.
and the simulated EoR H i power spectrum after includ-
ing the instrumental effects through PRISim (solid black)
agree well with each other. This further validates the
simulation as was also verified in [71]. The minor un-
smooth structures in the simulated EoR H i power spec-
trum are potentially attributable to cosmic variance since
only one realization of the H i fluctuations as observed
on one field was simulated [88]. The foreground power
(dotted lines) dominate over the cosmological H i signal
from the EoR on |k‖| . 0.4h Mpc−1. This indicates that
the EoR signal will be separable from the foregrounds
using a purely foreground avoidance technique only at
|k‖| & 0.4h Mpc−1 for the 29.2 m antenna spacings.
The thermal noise rms in the power spectra, PN (see
§A for details) is shown for the two cases when re-
dundancy of visibilities on nominally redundant antenna
spacings can and cannot be assumed in dashed gray and
dashed black lines respectively, corresponding to the data
volume, observing parameters, and various processing
steps. It must be noted that the thermal noise power
rms was derived quasi-analytically and should be con-
sidered as ideal and the best-case scenario.
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FIG. 2. The model of bispectrum phase angle (in radians)
corresponding to the J0136-30 field on an equilateral 29.2 m
antenna triad for the foregrounds (top) and the fluctuations
in this phase angle caused by the EoR H i fluctuations (bot-
tom) using a fiducial 21cmFAST EoR model. The fluctua-
tions in the bispectrum phase angle caused by the EoR H i
signal are noted to be . 10−4 radians, which is comparable
to the ratio of the strength of the EoR fluctuations relative
to the foregrounds (see Figure 1). The gray shaded region
shows the 163 MHz (z ' 7.7) sub-band of effective bandwidth
∆B = 10 MHz.
V. ANALYSIS
While describing the analysis steps below of the bis-
pectrum phase, we note that they are applied identically
to the data and the forward-modeling.
A. Data Selection
Throughout this analysis, we work with raw, uncali-
brated data unless otherwise indicated. We restrict our
data selection to equilateral triads of 29.2 m antenna
spacings. The equilateral shape allows an easier inter-
pretation of the k⊥ modes corresponding to these an-
tenna spacings. The raw data from antenna spacings
that comprise these triads are combined to obtain the
bispectrum phase. At this stage, the data array has di-
mensions N ′l×N ′r×N∇×Nf , where, N ′l denotes the num-
ber of time intervals contiguous in LST with a temporal
resolution of 10.7 s, N ′r = 18 denotes the number of re-
peated nights spanning the same LST range, Nf = 1024
is the number of frequency channels, and N∇ = 31 is the
number of 29.2 m equilateral triads in the data (from 50
unflagged antennas only) and 37 in the models (from all
61 antennas). We consider all 37 triads in the model to
estimate the best-case hypothetical sensitivity expected
from using all available antennas in the current layout.
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FIG. 3. The standard delay power spectrum of foreground
and H i models for the J0136-30 field in the z = 7.7 sub-
band for a 29.2 m antenna spacing. The black dotted line
denotes the foreground contribution to the delay power spec-
trum. The black solid line denotes the EoR H i power spec-
trum contribution from the simulation in this work including
instrumental effects. The gray solid line denotes the reference
EoR H i power spectrum from 21cmFAST without including
any instrumental effects. We note that the simulated H i delay
power spectra agree with the reference EoR H i power spectra
from 21cmFAST quite well. The unsmooth structures in the
simulated delay power spectra are potentially attributable to
cosmic variance since only one field was used in the simula-
tion. The black and gray dashed horizontal lines denote the
thermal noise rms in the power spectrum, PN, for incoherent
(antenna spacings cannot be assumed to be redundant) and
coherent (antenna spacings contain redundancy) averaging,
respectively, of the visibilities on the different 29.2 m antenna
spacings in the HERA layout considered in this work.
For this first demonstration, we explored the data for
spectral windows with minimal RFI and found one cen-
tered on 163 MHz corresponding to z ' 7.7 (shaded band
in Figure 1). We neither flag nor correct these data sub-
sets explicitly for RFI and therefore, they may still con-
tain RFI at low levels.
We denote the bispectrum phase angle as φ∇(f), which
is obtained from
eiφ∇(f) =
3∏
p=1
Vp(f)
|Vp(f)| , (2)
where, Vp(f) denotes the visibility spectrum measured
on antenna spacings, bp, indexed by p = {1, 2, 3}, com-
prising a triad denoted by ∇.
7B. Coherent Averaging
Coherent averaging of bispectrum phase can signifi-
cantly improve sensitivity to the final power spectrum.
This requires either an assumption or the knowledge that
the underlying quantity of scientific interest being aver-
aged, such as the sky-based signal, does not vary signif-
icantly along the axis/axes being averaged, otherwise it
may lead to loss of sensitivity as the signal strength may
not be preserved in the averaging process.
We note that by ‘average’, we refer to both the mean
and median metrics. The latter is specially useful in re-
jecting outliers, such as RFI-affected subsets of data, and
minimizing their effect on further processing and the fi-
nal power spectrum estimates. Other than the usage of
the median statistic, no special flagging or mitigation of
RFI is done.
Based on Allan-variance analysis in [70], the bispec-
trum phases can be ‘averaged’ to 1 min intervals along
LST while still improving sensitivity. We have limited
our LST range to ∼ 22 min centered on the transit of
the two fields, namely, Fornax A and J0136-30. Because
HERA is a redundant array, it offers another dimen-
sion along which coherent ‘averaging’ can be performed,
namely, the redundant triads that fall under the class
of 29.2 m equilateral triads. The nature and quality of
redundancy of the HERA measurements is currently un-
der investigation [89]. Therefore, in this paper we take
two approaches – a conservative approach by not making
any assumption that the measured bispectrum phases on
nominally redundant triads are actually redundant but
statistically they share common traits, such as the un-
derlying power spectrum; and, an approach that relies
on exploiting the assumed redundancy in the nominally
redundant triads.
We have observed that the bispectrum phases repeat
accurately across different nights at a given LST, and can
thus be ‘averaged’ together coherently in phase [70, 71].
Further, in order to obtain power spectrum estimates free
of noise bias, we do not average all the repeated nights
together at once, but instead divide them into two equal-
sized bins containing 9 nights each, which then get av-
eraged separately. These two subsets will later be used
in cross-power spectrum estimation. While this process
does not achieve maximum sensitivity because of incom-
plete coherent ‘averaging’, it offers the benefit of elimi-
nating noise-bias in the power spectrum since the noise
is uncorrelated between the two subsets. After coherent
reduction, the dimensions of the array of measurements
are Nl ×Nr ×N∇ ×Nf , where, Nl = 22, and Nr = 2.
C. Spectral Windowing, Scaling to Flux Density,
and Delay Spectrum
The spectral window function, W (f), can be used to
control the quality of the delay spectrum [23, 32]. We
use a modified Blackman-Harris window function to ob-
tain substantial gain in dynamic range while accepting a
small compromise on the resolution in Fourier space [32].
This ensures that the power spectra presented here are
not limited by the dynamic range of the spectral win-
dow function. Although W (f) is defined over the entire
bandpass, to minimize cosmic signal evolution, we shape
it such that it has an effective bandwidth, ∆B ' 10 MHz.
The next step in the analysis involves applying a scal-
ing factor to the bispectrum phases. The motivation and
its derivation are described in detail in Paper I, with a
brief summary here. The bispectrum phase angle fluctu-
ations due to H i from the EoR, when small relative to
the foreground strength, have been shown in Paper I to
be:
δφHi∇ (f) ≈ −i eiδφ
Hi
∇ (f) ≈
3∑
p=1
=
{
V Hip (f)
V Fp (f)
}
, (3)
where, V Hip (f) and V
F
p (f) denote the visibilities due to
the EoR H i and the foregrounds, respectively, and ={·}
denotes the imaginary part. If a model for |V Fp (f)| is
available, it can be used to extract partial information
about V Hip (f). Let V
F
eff denote such an empirical model
of the true sky-based foreground visibility averaged over
the sub-band derived from estimates of V Fp (f).
We apply the same spectral window function on the
visibility models, either from data or from simulations,
that have been already calibrated and averaged over re-
peated nights and redundant antenna spacings. V Feff is
then obtained by estimating the mean of the visibilities
weighted in inverse-quadrature within the sub-band as a
scalar as a function of antenna spacings, and LST. V Feff
does not have any spectral dependence and serves as a
single scaling factor, appropriate to the sub-band, pri-
marily to remove the modulating effect of the strength of
the foregrounds in Eq. (3), besides converting the com-
plex exponentials of the binned and ‘averaged’ bispec-
trum phases to have units of flux density.
For any given triad, there are three such visibilities.
However, only one scaling factor is applied. Hence, there
is a choice to be made about the combination of the three
visibilities that yields this scaling factor. The noise in the
bispectrum phase angle is the sum of the three visibility
phase angle noises and is thus predominantly determined
by the visibility which contains the least foreground am-
plitude assuming equal noise rms on all three visibilities.
In this work, we obtain the flux density scaling factor by
summing the absolute values of the three visibilities in in-
verse quadrature. The binned and ‘averaged’ bipectrum
phases are converted to flux density units by multiplying
with this absolute visibility amplitude. It must be noted
that calibrated visibilities are only used towards the pur-
pose of obtaining a single scaling factor over the entire
sub-band and thus do not introduce spectral errors due
to the lack of accurate calibration. Thus, an estimate of
the measured (calibrated) visibility can be reconstructed
as:
V∇(f) = V Feff e
iφ∇(f). (4)
8We obtain the delay spectrum [27] of the binned, ‘av-
eraged’, and scaled bispectrum phase using:
Ψ˜∇(τ) = V Feff
∫
eiφ∇(f)W (f) ei2pifτ df. (5)
Ψ˜∇(τ) is downsampled along τ axis to contain only in-
dependent samples with a resolution δτ = 1/∆B. At
this stage, the delay spectrum products have dimensions
Nz×Nl×Nr×N∇×Nτ , where, Nτ = 103 (after downsam-
pling), and Nz denotes the number of spectral sub-bands
being processed (Nz = 1 corresponding to the z = 7.7
sub-band in this paper).
D. Cross-Power Spectra
We define the delay cross-power spectrum from two
independent realizations of delay spectra, Ψ˜∇(τ) and
Ψ˜′∇(τ), assuming the EoR H i signal is coherent between
the two, as:
P∇(κ‖) ≡ <
{
Ψ˜∇(τ) Ψ˜′∇(τ)
}
×
(
Ae
λ2∆B
)(
D2∆D
∆B
)(
λ2
2kB
)2
, (6)
with
κ‖ ≡ 2piτ frH0E(z)
c(1 + z)2
, (7)
where, <{·} denotes the real part, Z denotes the com-
plex conjugate of Z, λ is the wavelength of the band
center, D ≡ D(z) is the comoving distance to redshift z,
∆D is the comoving depth along the line of sight corre-
sponding to ∆B, kB is the Boltzmann constant, c is the
speed of light in vacuum, fr is the rest-frame frequency
of the electronic spin-flip transition of H i and h, H0 and
E(z) ≡ [ΩM(1 + z)3 + Ωk(1 + z)2 + ΩΛ]1/2 are standard
terms in cosmology.
κ‖ and P∇(κ‖) defined here have units of hMpc−1 and
mK2 (Mpc/h)3 respectively. However, because the origin
of the EoR H i fluctuations in bispectrum phase are not
the same as those in the usual scenario with visibilities
(Paper I), we caution that the κ‖ and P∇(κ‖) used here
in the context of bispectrum phase are not to be inter-
preted physically, but only as mathematical analogs to
the standard terms used in cosmology. Hereafter, the
units of κ‖ and P∇(κ‖) will be designated by “pseudo
hMpc−1” and “pseudo mK2 (Mpc/h)3” respectively.
The full cross-product array, P∇(κ‖), will have dimen-
sions Nz × Nl × Nl × Nr × Nr × N∇ × N∇ × Nτ . In
order to minimize memory requirements while comput-
ing, we do not form every pair of cross-power product
possible. Instead, we only form the averages across the
main and off-diagonals of these square matrices of cross-
products, which are incoherent in nature because they
were obtained by averaging cross-power spectra. The di-
agonally averaged cross-power spectra have dimensions
Nz ×Nδl ×Nδr ×Nδ∇ ×Nτ , where, the difference in in-
dices denotes the offset from the main diagonal. There-
fore, δl ∈ [−(Nl−1), (Nl−1)], δr ∈ [−(Nr−1), (Nr−1)],
and δ∇ ∈ [−(N∇−1), (N∇−1)]. It may be noted that the
lower triangular portions of the full cross-power data will
be complex conjugates of the upper triangular positions
and therefore do not contain independent information.
Hence, only the non-negatively offset diagonals, includ-
ing the main diagonal, are retained for further analysis.
E. Incoherent Averaging of Cross-Power Spectra
In principle, we could assume that the data are re-
dundant between bins across repeated nights or across
redundant triads or both. In this paper, we consider ei-
ther of these cases when such an assumption may or may
not be valid. However, in either case, an assumption of
redundancy and zero signal de-correlation will only be
valid for δl = 0. Therefore, in subsequent analysis, we
choose cross-power spectra with δl = 0, δr = 1, and
δ∇ ≥ 0, where δr = 1 or δ∇ > 0 are expected to provide
estimates free of noise-bias.
F. Estimating Uncertainties in Power Spectra
We divide the raw bispectrum phases into roughly four
equal bins across the repeated nights of observing and av-
erage inside the respective bins. This allows us to choose
a pair of bins and calculate the difference. With four
bins, three unique non-repeated pairs of bins are avail-
able for differencing. It must be noted that since the
sky contribution to bispectrum phases are found to re-
peat across nights at a given LST, these differences will
have eliminated any sky contribution and they will be
comprised purely of systematics and noise realizations
that are not common across these bins. The cross-power
between these three difference-pairs will produce three
estimates of the uncertainty on the power spectrum from
which the average uncertainty can be estimated.
This empirical estimate of the uncertainty has the ad-
vantage of including both the thermal noise and the sys-
tematic components such as from RFI, non-redundancy,
LST mis-alignment, etc. An estimate of the noise-only
component can be obtained from using the model and
comparing it with the data.
This method has some potential disadvantages.
Firstly, a power spectrum in reality will have uncertain-
ties that comprise of cross-terms between the sky sig-
nal and the thermal noise contributions, in addition to
the noise-only cross-power. The uncertainty due to the
sky-and-noise cross-power will be foreground-dominated
in the lowest-valued spectral modes. This method will
not contain this contribution since any sky contribution
was eliminated in the initial differencing process and
9thus may underestimate the actual uncertainty in the
lowest-valued spectral modes. The higher-valued spectral
modes, however, will remain unaffected as they are ex-
pected to be predominantly dominated by thermal noise
alone and hence, will be not be underestimated. Sec-
ondly, since the average level of uncertainty is determined
from only three pairs of subsets, the average uncertainty
so estimated will itself be subject to a significant level of
uncertainty.
Although the information about the power spectrum
of the sky component including the foregrounds and the
EoR signal is nominally contained in the real part (see
Eq. (6)), the presence of noise will introduce an imag-
inary component in the cross-power spectrum. Simi-
larly, any systematics in the instrument or the analysis,
or non-stationarity in the sky signal will also contribute
to the imaginary component. The excess over the ther-
mal noise component in the imaginary part is a measure
of the systematics present in the data and the uncer-
tainties therein. In order to provide the overall uncer-
tainty including all these effects and not underestimate
our net uncertainty, we conservatively include the imag-
inary component in addition to the real component to
derive our standard deviation that will be shown in the
results that follow. It must be noted that these errors
derived as described above are not expected to follow a
Gaussian distribution even in the ideal case where sys-
tematic effects are absent. Therefore, we do not make
any assumption about the probability density function of
these errors and use the standard DKS and PKS metrics
of the non-parametric two-sample Kolmogorov-Smirnov
test [K-S test; 90] to evaluate the errors in the data and
compare them statistically with the models using a signif-
icance threshold equivalent to 5σ rejection in a Gaussian
distribution.
VI. RESULTS
In this section, we show the results of our analysis on
the Fornax and J0136-30 fields. We consider two dif-
ferent cases free of noise-bias – the conservative case
is the average of the ‘intra-triad’ cross-power obtained
when δ∇ = 0 (main diagonal) where redundancy has
not been assumed even on nominally redundant triads,
and the other case is the average ‘inter-triad’ cross-power
obtained when δ∇ > 0 (upper triangle) while assuming
and then exploiting the redundancy between nominally
redundant triads.
In the discussions hereafter, we highlight the follow-
ing distinction between the usage of the terms “noise-
limited” and “data-limited”. The former signifies that
the uncertainties are at a level expected from thermal
noise contributions alone and are “noise-like”, whereas
the latter signifies that the uncertainties may be larger
than the contributions from thermal noise alone due to
contributions from systematics and other effects but are
still randomly behaved and are capable of being miti-
gated further by using more data.
A. Intra-triad Cross-Power Spectrum
Figure 4 shows two-thirds of the intra-triad cross-
power spectrum of the bispectrum phase obtained on the
Fornax field in the z = 7.7 sub-band. The factor 2/3 is
used to normalize the power spectrum while accounting
for three antenna spacings contributing to the power and
only one half of the power being retained by considering
only the phase of the bispectrum. The black symbols de-
note the power spectrum obtained with data (left) and
the modeling that includes noise (right). The scaling of
y-axis to the physical units specified is described in §V C,
which builds on the methodology in Paper I. The vertical
gray lines denote the uncertainty ranges in the data and
the noisy model obtained using the method described in
Section V F, and are not expected to follow a Gaussian
distribution.
The following features are prominently noted:
1. The peaks of ' 1015 “pseudo” mK2(Mpc/h)3
in both the data and the models at κ‖ =
0 “pseudo”h Mpc−1 are set by the foreground con-
tribution to the bispectrum phase, which in this
case is predominantly due to the strong emission
from Fornax A present near the edge of the primary
beam of the antenna power pattern. Fornax A is es-
sentially a point source at the angular resolution of
the current HERA layout, and hence the integrated
flux density is coherent on all antenna spacings.
2. Secondary peaks of' 1010 “pseudo” mK2(Mpc/h)3
are seen at κ‖ ' ±0.5 “pseudo”h Mpc−1 in the
data, corresponding to a delay, τ ' 1µs (see
Eqn. 7). These secondary peaks are not seen in
the models. The secondary peaks do not always
show uncertainty ranges consistent with noise, and
are therefore probably limited by systematics. The
secondary peaks in the power spectrum arise due
to a ∼ 1 MHz spectral ripple that can be seen in
the visibility amplitude, phase, and closure phase
spectra at a level of ∼ 0.5%, in the worst cases
[71]. [91, 92] have also observed and modeled a very
similar systematic effect in their data and they con-
clude that it is not an antenna-based but a baseline-
dependent systematic such as cross-talk between
antennas. The fact that bispectrum phases are im-
mune to direction-independent and multiplicative
antenna-based systematics therefore confirms that
these secondary peaks probably arise from baseline-
dependent effects which could be some combination
of inter-feed or inter-dish cross-coupling along over-
the-air or electrical pathways.
3. At |κ‖| & 0.85 “pseudo”h Mpc−1, both data and
model have power spectra (solid circles) at the level
of ' 107–108 “pseudo” mK2(Mpc/h)3.
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FIG. 4. Two-thirds of the delay power spectrum of the bispectrum phase in Eqn. (6) obtained by averaging the power spectra
from individual triads (intra-triad, δ∇ = 0) for the Fornax field from the HERA data (left) and corresponding modeling (right)
at a frequency sub-band centered at z = 7.7 weighted by a modified Blackman-Harris spectral window function of effective
bandwidth 10 MHz. The x-axis on the top corresponds to τ linearly related to κ‖ by Eq. (7). The black symbols denote
the data (left) and the matching model comprising of foregrounds and noise (right). The y-axis is shown on a symmetric
logarithmic scale, where the solid horizontal line denotes the zero-point below which the values of the power spectrum are
negative. The gray vertical lines denote uncertainties (one standard deviation or “1σ”, but not necessarily associable with
a Gaussian distribution) estimated by splitting the data into four roughly equal parts spanning the 18 nights of repeated
observations but have independent noise and estimating the power from the differences between these subsets. The horizontal
dashed lines denote the standard deviation of the bin-to-bin variation in |κ‖| & 0.85 “pseudo”h Mpc−1, which for the data
and the model are ' 1.1 × 108 “pseudo” mK2(Mpc/h)3 and ' 1.7 × 108 “pseudo” mK2(Mpc/h)3 respectively. In a majority
of κ‖-bins (|κ‖| & 0.85 “pseudo”h Mpc−1), these uncertainties include the zero-point. A two-sided K-S test does not reject
that the null hypothesis that errors in the data and the model could have been drawn from the same distribution at a high
significance. This supports that the power spectrum estimates in these κ‖-bins are predominantly noise-limited. Both the data
and the model have a central peak at κ‖ = 0 “pseudo”h Mpc
−1 and a noise floor at |κ‖| & 0.85 “pseudo”h Mpc−1 consistent
with the model of foregrounds including noise (right). The data exhibit secondary peaks at κ‖ ' 0.5 “pseudo”h Mpc−1, which
have not been modeled in the right panel and are believed to be caused by baseline-dependent errors, such as cross-talk between
pairs of antennas [91]. The values around these secondary peaks appear to be systematic-limited contrasting the rest of the
bins where they are predominantly noise-limited.
4. Avoiding the lowest-valued spectral modes
where the errors may be underestimated,
the rms of the bin-to-bin variation in
|κ‖| ≥ 0.85 “pseudo”h Mpc−1 (horizontal dashed
lines) obtained using a standard deviation robust
to outliers is ' 1.1 × 108 “pseudo” mK2(Mpc/h)3
and ' 1.7 × 108 “pseudo” mK2(Mpc/h)3 in the
data and the model respectively. In these spectral
modes, a two-sample K-S test of the errors (gray
vertical lines) yields DKS = 0.075, PKS = 0.16
suggesting that the null hypothesis that the
samples in the model and data were drawn from
the same distribution cannot be rejected with high
significance.
5. The data at |κ‖| & 0.85 “pseudo”h Mpc−1 oscil-
late between negative and positive values roughly
randomly and with equal frequency indicating a
noise-limited behavior, which in turn indicates that
this sub-band is relatively unaffected by systemat-
ics such as RFI.
The above findings indicate that both the sky and noise
models used in the modeling section are reasonably ac-
curate and match this subset of the data. The dynamic
range between the central peak and the noise floor is
' 107–108, both in the data and model. Due to strong
emission from Fornax A, the Fornax field exhibits such
a high dynamic range between the central peak and the
noise floor, and it could be more susceptible to limita-
tions due to systematics as the noise floor drops with
increase in sensitivity to thermal noise.
Therefore, we also consider another relatively weaker
field. Figure 5 shows the intra-triad cross-power spec-
trum for the J0136-30 field.
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FIG. 5. Same as Figure 4 but for the J0136-30 field. The rms of bin-to-bin variation at |κ‖| & 0.85 “pseudo”h Mpc−1 is
estimated to be ' 3.5 × 108 “pseudo” mK2(Mpc/h)3 and ' 1.4 × 108 “pseudo” mK2(Mpc/h)3 in the data and the model
respectively. A hint of a bias towards positive values in the data (solid circles) is noted. Supporting this discrepancy, a two-
sided K-S test shows that the errors in the data and the model are extremely unlikely to be drawn from the same distribution
indicating that some systematics such as LST misalignments, RFI, or time-varying effects may be present in the data.
In comparison to the Fornax field (Figure 4), the
J0136-30 field exhibits the following characteristics:
1. The peak is ' 3 × 1013 “pseudo” mK2(Mpc/h)3,
significantly lower relative to the Fornax field be-
cause the J0136-30 field is weaker in radio emission.
2. The secondary peaks caused by baseline-dependent
systematics are seen at a level similar to the For-
nax field, ' 1010 “pseudo” mK2(Mpc/h)3 at |κ‖| '
0.5 “pseudo”h Mpc−1.
3. At |κ‖| & 0.85 “pseudo”h Mpc−1, the data points
(solid circles) are on average slightly higher than
the Fornax field whereas the model (right panel) is
comparable to the Fornax field.
4. The rms of the bin-to-bin variation (horizontal
dashed lines) at |κ‖| & 0.85 “pseudo”h Mpc−1 is
estmated to be ' 3.5×108 “pseudo” mK2(Mpc/h)3
and ' 1.4 × 108 “pseudo” mK2(Mpc/h)3 in the
data and the model respectively. Besides this dis-
crepancy, the presence of a visual statistical bias
towards positive values and larger uncertainties in
the data is noted.
5. Consistent with the above findings, the non-
parametric two-sample K-S test between the errors
in the data and model yielded DKS ≈ 0.23, PKS '
10−10 which indicates that the null hypothesis that
they are drawn from the same distribution could
be rejected with high significance. In other words,
they are very different statistically. All these indi-
cate that some systematic effects are significantly
affecting the power spectrum of the data. The
higher uncertainties in the data imply that the
differenced bispectrum phases and power spectra
are not noise-limited. This could be due to LST-
misalignment, RFI, or other time-varying system-
atics that affect the differenced bins unequally. A
more thorough diagnosis to understand this behav-
ior will be undertaken but is beyond the scope of
this work.
Since the model has more triads (37) than in the data
(31), the uncertainty estimates from the models are likely
to be ≈ 91.5% (≈ √31/37) of the uncertainty when the
same number of triads in the data are used. We note
that this change denotes an insignificant correction to
the estimated uncertainties.
B. Inter-triad Cross-Power Spectrum
In order to reduce the secondary peaks at κ‖ '
±0.5 “pseudo”hMpc−1 and the significant predominance
of systematics in the uncertainties, we compute the cross-
power spectrum between triads falling under the same
class, referred to in this paper as the inter-triad cross-
power spectrum. The inherent assumption here is that
the triads behave redundantly towards the sky-based sig-
nal but the phase offsets of the ∼ 1 MHz ripple and
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other systematics are randomly behaved across the tri-
ads. If the assumption about redundancy of nominally
redundant triads to the sky signal is not valid, then there
will be loss of power measured from the H i signal, which
eventually may or may not be scale-dependent. And if
the assumption about randomness of the systematic ef-
fects across the different triads is invalid, then the power
spectrum will not show any significant mitigation of the
systematics observed previously in the intra-triad aver-
aging (see Figure 5).
Figure 6 shows the inter-triad cross-power spec-
trum for the J0136-30 field in the z = 7.7 sub-
band. In contrast with the findings noted in Fig-
ure 5, the secondary peaks are suppressed signifi-
cantly to . 109 “pseudo” mK2(Mpc/h)3 at |κ‖| '
0.5 “pseudo”h Mpc−1 indicating a noise-like limitation
in the uncertainty ranges in virtually all except a few
innermost κ‖-bins, which is confirmed by the modeling
(right panel).
Besides the systematics, the overall uncertainties are
also significantly reduced. For instance, the bin-to-
bin variation at |κ‖| & 0.85 “pseudo”h Mpc−1 has
rms ' 7.9 × 107 “pseudo” mK2(Mpc/h)3 and ' 5 ×
107 “pseudo” mK2(Mpc/h)3 in the data and the model
respectively. The discrepancy between the two is signif-
icantly lesser compared to the intra-triad case. This is
only a marginal discrepancy as supported by the two-
sample K-S metrics DKS ≈ 0.135, PKS ' 0.04% which
shows that the null hypothesis that the samples in the
data and the model could be rejected only with marginal
significance as PKS is less than the significance thresh-
old. Potential contributions to this marginal discrep-
ancy could be due to either mis-modeling of the noise
(marginally underestimated noise level) or the usage of a
few more triads in the model than in the data.
Again, the usage of more triads in the model compared
to data implies the uncertainty estimates from the mod-
els are, in the worst case, likely to be as low as ≈ 84%
(≈ 31/37) of the actual thermal uncertainties when the
same number of triads are used. This is different than
the intra-triad case because the inter-triad cross-power
spectrum assumes an implicit redundancy and coherence
between the triad pairs off the main diagonal (δ∇ > 0),
whereas the intra-triad cross-power spectrum assumes no
coherence and only uses the main diagonal, δ∇ = 0. This
correction to the estimated uncertainties is still insignifi-
cant considering the much higher dynamic range required
to detect the fiducial H i signal from the EoR.
C. Sensitivity Improvements
If the power spectrum errors are incoherent, the sensi-
tivity can be further improved by incoherent averaging of
cross-power spectra obtained with different polarizations
and locations on the sky, and binning adjacent κ‖-modes
into larger bins. In this paper, we have performed a sim-
plified version of such an averaging over two polarizations
(‘XX’ and ‘YY’) and folding the negative- and positive-
valued κ‖-modes into bins of |κ‖|. The latter is motivated
by assuming statistical isotropy of the cosmological sig-
nal, wherein the cosmological signal power in a κ‖-mode
should only depend on |κ‖|.
Figure 7a shows the inter-triad cross-power spectrum
of data in the J0136-30 field in the z = 7.7 sub-band
after averaging the data ‘XX’ and ‘YY’ polarizations.
The bin-to-bin rms at |κ‖| & 0.85 “pseudo”h Mpc−1
of the ‘XX’ and ‘YY’ polarizations are ' 7.9 ×
107 “pseudo” mK2(Mpc/h)3 (see Figure 6a) and '
6.4 × 107 “pseudo” mK2(Mpc/h)3 (not shown here) re-
spectively. The corresponding uncertainty from aver-
aging the power in the two polarizations is ' 5.1 ×
107 “pseudo” mK2(Mpc/h)3. This incoherent averaging
results in an improvement in sensitivity by a factor of
≈ 1.55 and ≈ 1.25 relative to that in the ‘XX’ and ‘YY’
polarizations respectively, in line with that expected from
averaging two independent realizations of noise.
Figure 7b shows the inter-triad cross-power spectrum
averaged between the two polarizations followed by fold-
ing along κ‖ = 0 “pseudo”hMpc−1 and further averaging
in bins of |κ‖|. The rms at |κ‖| & 0.85 “pseudo”h Mpc−1
reduces further to ' 3.7 × 107 “pseudo” mK2(Mpc/h)3
(dashed lines) which signifies an improvement by a fac-
tor ≈ 1.38 in sensitivity that could be expected from
twice the number of samples because the noise is uncor-
related in the mirrored |κ‖|-bins. The secondary peaks
are also reduced in comparison to those in Figure 6a.
This demonstrates that expected improvements in sen-
sitivity can be obtained by further averaging nominally
redundant power spectra but obtained with independent
realizations. The positive and negative fluctuations of
the noise realizations but with a uniform noise floor at
|κ‖| & 0.85 “pseudo”h Mpc−1 shows that the analy-
sis presented here is predominantly limited by thermal
noise in the measurements rather than systematics, and
that further improvements in sensitivity are possible with
more data. Even in cases where the presence of system-
atics were noted to be comparable or in excess of the
thermal noise contribution, the uncertainties still appear
to be data-limited and not systematic-limited wherein
additional data could further improve the sensitivity.
In most of this analysis, especially as seen in inter-
triad cross-power spectra, we find that the uncertainty
ranges in the data are attributable to thermal-like noise
as supported by the corresponding models. The modeling
fully includes the imperfect placement of antennas rela-
tive to an ideal grid. The averaging steps implicitly as-
sume that only identical k-modes are processed, whereas
in practice, information across non-identical modes are
combined together as a result of implicit non-redundancy
in the antenna spacings. This may add systematic un-
certainties to the noise-like uncertainties. We have per-
formed a test wherein the models contained an inten-
tional underestimate of the noise rms via the Tsys model
and we still found the uncertainty ranges to be corre-
spondingly smaller and proportional to the square of the
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FIG. 6. Same as Figure 5 but the values denote the cross-power from different pairs of triads falling under the same
class (inter-triad). The usage of inter-triad cross-power results in a substantial mitigation of the secondary peaks at
|κ‖| ' 0.5 “pseudo”h Mpc−1. This signifies that the systematic effect varies randomly between different triads and aver-
aging of cross-power can be used to mitigate it substantially. The bib-to-bin variation at |κ‖| & 0.85 “pseudo”h Mpc−1 has
rms ' 7.9× 107 “pseudo” mK2(Mpc/h)3 and ' 5× 107 “pseudo” mK2(Mpc/h)3 in the data and the model respectively. The
two-sided K-S test indicates that the statistical discrepancy between the data and the model is only marginal and below the
significance threshold. This indicates that the systematics present in intra-triad averaging are now eliminated to a significant
extent by inter-triad averaging. The marginal discrepancies could be due to potentially underestimating the noise in the model.
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FIG. 7. Left: Same as Figure 6a but the power spectra from ‘XX’ and ‘YY’ polarizations from the data have been incoherently
averaged. The bin-to-bin rms at |κ‖| & 0.85 “pseudo”h Mpc−1 is ' 5.1×107 “pseudo” mK2(Mpc/h)3, which is lower than that
in the ‘XX’ and ‘YY’ polarizations by factors of 1.55 and 1.25 respectively. Right: The dual-pol average of the data (left) is
folded and averaged in bins of |κ‖|. The bin-to-bin rms of ' 3.7×107 “pseudo” mK2(Mpc/h)3 at |κ‖| & 0.85 “pseudo”h Mpc−1
signifies an improvement in sensitivity by a factor of 1.38 relative to that from only averaging the two individual polarized cross-
power spectra (left). A reduction in the secondary peaks is also noted relative to those in Figure 6a signifying the incoherent
nature of the systematic errors.
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noise in the visibilities, thereby strongly implying that
the antenna position imperfections do not contribute sig-
nificantly to the uncertainties in the power spectra.
Borrowing from cosmology convention, we can define
the mathematical analogue of the standard cosmological
variance, ∆2∇(κ‖) = κ
3 P∇(κ‖)/(2pi2), with κ2 = κ2⊥+κ
2
‖
and κ⊥ = 2pi(|bp|/λ)/D corresponding to |bp| = 29.2 m.
Figure 8 is equivalent to Figure 7b but uses ∆2∇(κ‖), in
units of “pseudo” mK2, instead of P∇(κ‖). Also shown is
the power spectrum from a model containing only fore-
grounds in the J0136-30 field (open circles), and the mod-
eled power due to EoR H i fluctuations (‘plus’ symbols)
in excess over that from foregrounds. By re-converting
∆2∇(κ‖) in Figure 8 to P∇(κ‖), it can be shown by com-
parison to a regular visibility delay power spectrum (see
Figure 3) that the dynamic range required to separate
the H i signal from the peak foreground power are very
similar.
The lowest-valued data-limited “1σ” upper limit is
seen to be (2/3)∆2∇(κ‖) ≤ 105 “pseudo” mK2 at
κ‖ = 0.33 “pseudo”h Mpc−1. This corresponds to ≤
316 “pseudo” mK in temperature units. However, the
neighboring data points are not data-limited and ex-
hibit a ‘detection’ well above noise. More conserva-
tively, in the predominantly noise-like regions beyond
|κ‖| & 0.85 “pseudo”h Mpc−1, a measurement with
the least amount of uncertainty range can be seen at
κ‖ = 0.875 “pseudo”h Mpc−1 with a “1σ” upper limit
of (2/3)∆2∇ ≤ 106 “pseudo” mK2, or equivalently, ≤
1000 “pseudo” mK in temperature units.
We re-emphasize that the physical validity of either
directly attributing this temperature to the brightness
temperature power spectrum of the IGM H i 21cm signal
or interpreting κ‖ to a distance scale is only approximate.
The interpretation of ∆2∇(κ‖) will not be a straightfor-
ward analog of the standard ∆2(k‖) because the nature
of the fluctuations in bispectrum phase is not identical
to that in the standard visibilities. However, the two are
approximately related and this relationship is mathemat-
ically established in Paper I.
Our initial goal is a simple detection of the EoR H i
fluctuations in the form of excess variance in bispectrum
phase over that expected from just smooth-spectrum ra-
dio foregrounds. The analysis presented here establishes
a means for detecting cosmic H i while distinguishing it
from the foregrounds through a robust quantity, the bis-
pectrum phase, and have used techniques that parallel
other standard approaches such as the delay spectrum.
VII. SUMMARY
While numerous improvements in various calibration
schemes are being devised, we provide here the first
demonstrative analysis using a novel technique using bis-
pectrum phase, presented in [69], that serves as an in-
dependent alternative to existing approaches that are
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FIG. 8. Same as Figure 7b but using ∆2∇(κ‖), in units of
“pseudo” mK2, instead of P∇(κ‖). The filled circles denote
the data with error bars shown using vertical gray lines. The
dashed lines denote the bin-to-bin rms of noise power. The
open circles denote the power spectrum from a foreground-
only model of the J0136-30 field. The ‘plus’ symbols denote
the power due to the presence of EoR H i fluctuations in excess
over the foreground power. The best data- and noise-limited
“1σ” upper limits are found to be ≤ 316 “pseudo” mK and
≤ 1000 “pseudo” mK at κ‖ = 0.33 “pseudo”h Mpc−1 and
κ‖ = 0.875 “pseudo”h Mpc
−1 respectively.
variants of a standard power spectrum. The bispectrum
phase angle is a measure of the ‘symmetry’ of the spa-
tial distribution of the brightness. The fluctuations in
bispectrum phase angle as sought in this paper measure
the dissimilarity of the EoR H i signal relative to the fore-
grounds. The key benefits of the approach presented here
are that the bispectrum phase is a robust sky measure-
ment, immune to antenna-based direction-independent
calibration and associated errors, and that established
techniques that are used for spectral discrimination of
the EoR signal such as the delay spectrum can be read-
ily employed. We have illustrated that the spectral dy-
namic range required to detect the fluctuations from the
redshifted H i signal relative to the foregrounds is very
15
similar to that in other standard approaches.
In this paper, we have used a small subset of data
obtained using the HERA telescope (50 out of 61 anten-
nas in this analysis), ≈ 22 min in duration centered on
each of the two fields (Fornax A transit and J0136-30)
and repeatedly observed over 18 nights. We chose a rela-
tively RFI-free frequency sub-band with the band center
corresponding to z = 7.7 and equilateral triads made of
29.2 m antenna spacings. Interpreting results using bis-
pectrum phase requires detailed forward-modeling, a lim-
ited example of which we have presented here to support
the data analysis including a fiducial model for the EoR
from 21cmFAST simulations, and the most accurate fore-
ground continuum sky models currently available. Using
a parallel analysis with detailed modeling, we are able to
confirm that the analysis on the amount of data presented
here is currently noise-limited in some cases studied here
and definitely data-limited in most cases. Being a robust
diagnostic of baseline-dependent errors, the bispectrum
phase approach distinctly identifies potential baseline-
dependent systematics at |κ‖| ' 0.5 “pseudo”h Mpc−1
in the HERA data used in this analysis. It must be
noted that the improvement further required in dynamic
range or sensitivity is very similar to that required from
other standard analysis techniques that fall under the
foreground avoidance category, while re-emphasizing that
the results presented here neither required antenna cali-
bration nor sophisticated analysis methods.
Drawing from cosmological precedent, the existence of
parallels with the delay spectrum approach allow us to de-
fine the variance of ‘temperature’ fluctuations, ∆2∇(κ‖).
The best data-limited “1σ” upper limit in temperature
units was found to be ≤ 316 “pseudo” mK at κ‖ =
0.33 “pseudo”h Mpc−1. More conservatively, in noise-
limited modes, κ‖ & 0.85 “pseudo”h Mpc−1, the best
“1σ” upper limit was found to be ≤ 1000 “pseudo” mK at
κ‖ = 0.875 “pseudo”hMpc−1. We note that these results
are to be interpreted only in an approximate sense as
physical brightness temperatures and distance scales, be-
cause the origin of fluctuations in the bispectrum phase,
while approximately related, are not the same as that in
the standard two-point spatial coherence.
Our data-limited results indicate that there is scope
for improving sensitivity further with more data. When
fully built, HERA will have 350 dishes and will be able to
observe round the year a ' 10◦-wide stripe at δ = −30.◦7.
This will yield ∼ 10 times more nominally redundant an-
tenna spacings, and ∼ 16 independent patches on the sky
over 12 hours of observing per night. Ideally, assuming
no new significant systematic effects are encountered, we
anticipate a full-sized data set to yield sufficient sensitiv-
ity to be able to place useful constraints on fiducial EoR
models even if a detection remains elusive.
Our bispectrum phase approach is designed as an inde-
pendent alternative to detect and confirm the presence of
excess fluctuations due to the presence of H i during the
EoR relative to a null hypothesis when such signals are
absent, rather than provide a direct interpretation of the
astrophysical conditions. Astrophysical interpretation
will require extensive forward-modeling. Such a forward-
modeling will allow us to relate the bispectrum phase
fluctuations to the magnitude of the brightness tempera-
ture fluctuations and the astrophysical conditions of the
IGM.
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Appendix A: Thermal Noise Uncertainty in
Standard Visibility Delay Power Spectrum
Here, we quasi-analytically derive the standard devia-
tion of thermal noise uncertainty in the standard delay
spectrum of visibilities under different assumptions of re-
dundancy in measurements. Consider different types of
pairs of antennas of given spacing but different orienta-
tions. If there are Nbj antenna pairs of each type j all
with the same magnitude of spacing, the total number of
antenna pairs with this spacing is Nb =
∑
j Nbj .
The data are assumed to have been measured repeat-
edly over N ′r nights covering Nfld fields for a duration,
tfld, each night exactly centered on the transit of each
field covering the same range of local sidereal time (LST).
From each of these nights, the data are assumed to be co-
herently averaged for a time interval of tint, thus leaving
Nl = tfld/tint temporal bins on each field each of tempo-
ral width tint. To avoid potential noise bias in the delay
power spectrum, instead of averaging all the LST-aligned
nights together, the data are split into Nr chunks com-
prising of equal number of nights in each, Nn = N
′
r/Nr,
and averaged between these split nights while assuming
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perfect LST alignment across them. Thus, these equally
split chunks are expected to have independent but iden-
tical Gaussian distributions for the noise.
The delay power spectrum is obtained from averaging
the real parts of the cross-multiplications of the complex-
valued delay spectra from different pairs of chunks, Nrr =
Nr (Nr−1)/2, after accounting for the cosmological scal-
ing factors that translate power in an observer’s coordi-
nates to cosmological coordinates [93–95]. If redundancy
is assumed, the visibilities measured on antenna spac-
ings in different orientations can be averaged coherently
within each type. Otherwise, the delay power spectra on
each antenna spacing can be individually computed and
averaged together in an incoherent sense assuming statis-
tical isotropy of the cosmological H i signal. The former
will yield a higher sensitivity on account of coherent aver-
aging within the same type of antenna spacing, but may
be more severely subject to systematics than the latter.
The uncertainty due to thermal noise in the delay
power spectrum can be obtained analytically as follows.
The thermal noise rms on a measured visibility ampli-
tude after averaging over all nights in a chunk is σn =
σT/
√
∆f tintNn. It can be shown that the thermal noise
uncertainty in each bin of the delay spectrum of the vis-
ibilities has an rms of magnitude σd = σn
√
∆B/∆f ∆f
[93, 95]. The real and imaginary parts of noise in each
bin of the delay spectrum are independent and identical
Gaussian random variables with an rms of σd/
√
2.
When two independent Gaussian random variables,
X and Y , are multiplied, the resulting distribution is
a modified Bessel function of the second kind [96, 97].
In our case, the the resulting cross-product is a com-
plex variable whose real and imaginary parts each follow
this distribution. It can be numerically demonstrated
that the real and imaginary parts of the cross-product
have respective variances of σ2RR = σ
2
R1σ
2
R2 + σ
2
I1σ
2
I2, and
σ2II = σ
2
R1σ
2
I2 + σ
2
I1σ
2
R2, where R and I correspond to
real and imaginary parts respectively, and the numeri-
cal index denotes the individual random variable in the
cross-product.
With the availability of Nrr pairs of chunks, the ther-
mal noise rms in the power spectrum, σRR, can be poten-
tially reduced via incoherent averaging. However, if Nr >
2 or Nrr > 1, the power spectrum realizations across
these pairs of chunks may be correlated, thus not offering
much gain in sensitivity. Hence, for the simple example
in this paper, we only consider Nr = 2 (or Nrr = 1) here-
after. Averaging the power spectra from Nfld fields and
Nl adjoining temporal bins of LST in each field will fur-
ther improve sensitivity by a factor
√
NfldNl. If indepen-
dent modes of polarizations (up to two orthogonal modes,
Npol ∈ {1, 2}) are also available for incoherent averaging
of the power spectra, the thermal noise rms in the power
spectrum can be reduced to σRR/
√
NfldNlNpol. Finally,
the weights from all available baselines is considered un-
der two scenarios – redundant and non-redundant. It can
be shown that the rms in the power spectrum can be re-
duced to σRR/
√
NfldNlNpol wb, where, wb =
∑
j N
2
bj or
wb =
∑
j Nbj for the redundant and non-redundant cases
respectively. As the number of independent power spec-
trum realizations increase, such an average will approach
a Gaussian distribution according to the Central Limit
Theorem.
By making the simplifying assumption that σR1 =
σR2 = σI1 = σI2 = σd/
√
2, the thermal noise rms in the
simple delay cross-power spectrum that is free of noise-
bias can be written as:
PN =
σRR√
NfldNlNpol wb
(
Ae
λ2∆B
)(
D2∆D
∆B
)(
λ2
2 kB
)2
=
λ2
Ae
· D
2∆D√
2NfldNpol wb
· T
2
sys
∆B (N ′r/2)
√
tinttfld
, (A1)
where, λ is the wavelength of the band center, D ≡ D(z)
is the comoving distance to redshift z, ∆D is the comov-
ing depth along the line of sight corresponding to ∆B,
and kB is the Boltzmann constant.
For the observing parameters and the 29.2 m antenna
spacings considered here, the HERA layout described
above yields Nb = 124 pairs of antennas spaced 29.2 m
apart with Nb1 = 41, Nb2 = 40, and Nb3 = 43 antenna
pairs oriented at 0◦, 60◦, and −60◦ relative to due East
respectively. In our example, N ′r = 18 and we choose
Nr = 2 with Nn = 9. On each night, tfld = 22 min with
Nfld = 1, and we choose a coherent averaging interval of
tint = 1 min. PN obtained with and without assumption
of redundancy of antenna spacings is shown in Figure 3.
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